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Abstract
The S-deformation method is a useful way to show the linear mode stability of a black hole
when the perturbed field equation takes the form of the Schro¨dinger equation. While previous
works where many explicit examples are studied suggest that this method works well, general
discussion is not given yet explicitly. In this paper, we show the existence of a regular S-deformation
when a black hole spacetime is stable under some reasonable assumptions. This S-deformation is
constructed from a solution of a differential equation. We also show that the boundary condition
for the differential equation which corresponds to a regular S-deformation has a one-parameter
degree of freedom with a finite range. This is the reason why any fine-tune technique is not needed
to find S-deformation numerically.
PACS numbers: 04.50.-h,04.70.Bw
I. INTRODUCTION
When the black hole spacetime is highly symmetric, the linear gravitational perturbation
equation usually takes the form of the two-dimensional wave equation [1–13][
− ∂
2
∂t2
+
∂2
∂x2
− V (x)
]
Φ˜ = 0. (1)
Using the Fourier transformation with respect to the time coordinate, Φ˜(t, x) = e−iωtΦ(x),
this equation takes the form of the Schro¨dinger equation[
− d
2
dx2
+ V
]
Φ = ω2Φ =: EΦ. (2)
It is known that the non-existence of a bound state with E < 0 implies the non-existence of
an exponentially growing mode in time, i.e., the linear mode stability of the black hole.
For a continuous function S, from Eq.(2), we can show
−
[
Φ∗
dΦ
dx
+ S|Φ|2
]∞
−∞
+
∫
dx
[∣∣∣∣dΦdx + SΦ
∣∣∣∣
2
+
(
V +
dS
dx
− S2
)
|Φ|2
]
= E
∫
dx |Φ|2 , (3)
where Φ∗ is the complex conjugate of Φ. We consider the boundary condition such that the
boundary term vanishes. We can regard that the potential is deformed as
V˜ := V +
dS
dx
− S2, (4)
which is called the S-deformation. If V˜ is non-negative everywhere by choosing an appro-
priate function S, we can say E ≥ 0 for any Φ, i.e., the non-existence of a negative energy
bound state. This method was introduced in [5–7] and used for the stability analysis in
many cases, e.g. in [8–15].
In the previous work [16], a simple method to find a regular S numerically by solving an
equation V˜ = 0, i.e.,
V +
dS
dx
− S2 = 0, (5)
was discussed, when it is hard to find it analytically. In some examples, the existence of a
regular solution of Eq. (5) was used to show that the spacetime is stable [16], but it is not
known whether a regular solution always exists or not when the spacetime is stable. In fact,
Eq. (5) is satisfied by
S = − 1
ΦE=0
dΦE=0
dx
, (6)
2
with a solution of the Schro¨dinger equation with zero energy ΦE=0.
1 Thus, the existence
of ΦE=0 which does not have zero anywhere implies the existence of a regular solution of
Eq. (5). In this paper, we show the existence of such a wave function when the spacetime
is stable (under some assumptions). This result is an almost immediate consequence of the
Sturm-Liouville theory, but we think that this fact is not well recognized in the community of
the black hole stability and the proof does not seem trivial when the domain of the potential
V is −∞ < x < ∞. We also discuss the robustness of this method, i.e., we can find a
regular S-deformation numerically without fine-tuning.
II. S-DEFORMATION IN A FINITE BOX
The discussion in this section is almost trivial from the usual Sturm-Liouville theory, but
we think that pedagogically it is still worth giving an explicit proof. We focus on the domain
where the potential is bounded and piecewise continuous. First, we introduce a proposition
(e.g., see [17, 18].)
Proposition 1. Let us consider two solutions Φ1 and Φ2 of the Schro¨dinger equation (2)
for energies E1 and E2 with E1 < E2, respectively. If Φ1 has two consecutive zeros at x = xL
and x = xR, Φ2 has at least one zero between xL and xR.
Proof. From the Schro¨dinger equation (2) for energies E1 and E2, we have
(Φ′1Φ2 − Φ′2Φ1)′ = (E2 − E1)Φ1Φ2, (7)
where a prime denotes the derivative with respect to x. We can assume Φ1 > 0 for xL <
x < xR without loss of generality. Then, Φ
′
1|xL > 0 and Φ′1|xR < 0 are satisfied.2 Integrating
this equation, we have
Φ′1|xRΦ2|xR − Φ′1|xLΦ2|xL = (E2 −E1)
∫ xR
xL
dxΦ1Φ2. (8)
If Φ2 does not have zero in xL < x < xR, we have Φ2 ≥ 0 for xL ≤ x ≤ xR. In that case,
while the left-hand side of Eq.(8) is not positive, the right-hand side of Eq.(8) is positive.
This is a contradiction. Thus, Φ2 has a zero in xL < x < xR. 
1 Note that this ΦE=0 is not necessary square integrable, and usually it corresponds to a growing mode.
2 If Φ′1|xL = 0 or Φ′1|xR = 0, Φ1 becomes a trivial solution, i.e., Φ1 = 0 everywhere, since both Φ1 and its
derivative are zero at x = xL or x = xR. However, this cannot happen because Φ1 > 0 for xL < x < xR.
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From this proposition, we can immediately show the well known result: the n-th excited
state has n nodes. Also, we can show the following lemma.
Lemma 1. If there exists a solution for E = E1 which has two consecutive zeros at x = xL
and x = xR, there also exists a solution for E = E0(< E1) which does not have zero in
xL ≤ x ≤ xR.
Proof. Solving the Schro¨dinger equation for E0 from x = xL with the boundary condition
Φ|xL = 0,Φ|′xL = 1, we obtain a solution Φ0. From the above proposition, Φ0 does not have
zero for xL < x ≤ xR. We denote a = Φ0|xR(> 0), b = Φ′0|xR. Solving the Schro¨dinger
equation for E0 from x = xR with the boundary condition Φ|xR = a and Φ|′xR = b˜(< b), we
obtain a solution Φ˜0. Integrating the Wronskian conservation equation (Φ
′
0Φ˜0 − Φ˜′0Φ0)′ = 0
from a point y (xR > y ≥ xL) to xR, we have
−Φ′0|yΦ˜0|y + Φ˜′0|yΦ0|y = −a(b− b˜)(< 0). (9)
If Φ˜0|y = 0 and Φ˜0 is positive in y < x < xR, Φ˜′0|y takes positive value. Thus, the above
equation implies that Φ0|x becomes negative. However, this contradicts with that Φ0 ≥ 0
for xL ≤ x < xR. Thus, Φ˜0 is positive for xL ≤ x ≤ xR and this is the desired solution. 
If the energy of the ground state is larger than zero, from Lemma 1, we can construct a
solution of the Schro¨dinger equation with zero energy which does not have zero anywhere
when the potential is in a finite box, i.e., V is bounded and piecewise continuous in −L <
x < L with a positive constant L, but V = ∞ in |x| ≥ L. Using such a solution ΦE=0, we
can construct a regular S-deformation as
S = − 1
ΦE=0
dΦE=0
dx
. (10)
Thus, we have the following:
Proposition 2. If the energy of the ground state is larger than zero and the potential is in
a finite box, there exists a regular S-deformation.
Since this proposition holds for arbitrary value of L, we can expect that there also exists
a regular S-deformation for a stable spacetime even when L→∞. In the next section, we
discuss the case with L→∞.
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III. INFINITE SIZE BOX
We consider the case in “an infinite size box”, i.e., the domain of our interest is −∞ <
x <∞. Even in this case, if there exists a bound state with E > 0, we can easily show that
the non-existence of a bound state with negative energy implies the existence of a regular
S-deformation by a similar discussion in Lemma 1. In fact, this is a well known result (e.g.,
see [19]). This condition is not usually satisfied in a black hole perturbation problem since
V → 0 at the horizon. Hereafter, we do not assume the existence of a bound state with
E > 0.
In this section, we assume the following conditions:
(i) The potential V is bounded and piecewise continuous in −∞ < x <∞. At x→ ±∞, V
takes non-negative constants V±, respectively.
(ii) For E < 0, the Schro¨dinger equation has solutions ΦL,±E (x) and Φ
R,±
E (x) whose leading
behaviors are ΦL,±E ≃ e∓
√
V
−
−E x+o(x) at x → −∞ and ΦR,±E ≃ e±
√
V+−E x+o(x) at x → ∞,
respectively.
(iii) For E = 0, the Schro¨dinger equation has solutions ΦL,−0 (x) and Φ
R,−
0 (x) which asymptote
to a non-negative constant at x→ −∞ and x→∞, respectively.
Hereafter, we omit to write o(x) since this does not affects the following discussions.
A. Existence of regular S for stable spacetime
First, we show the following three lemmas:
Lemma 2. For an energy E1 < 0, if there exists x1 such that Φ
L,−
E1
|x1 = 0 and ΦL,−E1 > 0 for
−∞ < x < x1, there exists a bound state with negative energy.
Proof. For brevity, we denote ΦL,−E as ΦE in this proof. Integrating the equation (Φ
′
E1
ΦE−
Φ′EΦE1)
′ = (E −E1)ΦE1ΦE with E < E1 from −∞ to a point y, we have
(Φ′E1ΦE − Φ′EΦE1)|y = (E −E1)
∫ y
−∞
dxΦE1ΦE . (11)
Let us assume ΦE |x2 = 0 and ΦE > 0 for −∞ < x < x2, then Φ′E |x2 is negative. If x2 ≤ x1,
the above equation with y = x2 becomes
−Φ′E |x2ΦE1 |x2 = (E −E1)
∫ x2
−∞
dxΦE1ΦE . (12)
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Now the integrand is non-negative, and the integral is finite because ΦE ≃ e
√
V
−
−Ex at
x → −∞. Since the right hand side is negative and Φ′E |x2 is negative, ΦE1 |x2 should be
negative. However, this contradicts with the fact that ΦE1 ≥ 0 for −∞ < x ≤ x2 ≤ x1.
Thus, x2 should satisfies x1 < x2 if it exists.
If we consider E ≤ Vmin, where Vmin is the minimum value of V , since Φ′′E/ΦE = (V −E) ≥
(Vmin−E) ≥ 0, once ΦE and Φ′E take positive value at some point, ΦE remains to be positive
as x increases. Since the boundary condition is ΦE ≃ e
√
V
−
−Ex at x→ −∞, we find ΦE > 0
everywhere for E ≤ Vmin.
Since the position of zero x2 is a continuous function of E(≤ E1) if it exists (see ap-
pendix A) and it can take all values in x1 < x2 <∞ by changing E,3 we can say that there
exists E0 (Vmin < E0 < E1) such that x2 →∞ for E = E0.
The asymptotic behavior near x → ∞ is ΦE ≃ c1e−
√
V+−E x + c2e
√
V+−E x. If 0 <
1 − E/E0 ≪ 1, x2 is in the asymptotic region. So, from the condition ΦE |x2 = 0, we
obtain ΦE ≃ c1(e−
√
V+−E x − e
√
V+−E(x−2x2)) when 0 < 1 − E/E0 ≪ 1. Thus, in the limit
E → E0 + 0, i.e., x2 →∞, the second term vanishes, and then ΦE0 ≃ c1e−
√
V+−E0 x → 0 at
x→∞. Thus, the solution ΦE0 is the ground state. 
Lemma 3. If the Schro¨dinger equation for zero energy has a solution which has two con-
secutive zeros at x = x0 and x = x1, there exists a bound state with negative energy.
Proof. We denote the solution of the Schro¨dinger equation for zero energy which has two
consecutive zeros at x = x0 and x = x1 as Φ0 in this proof. Let us consider to solve the
Schro¨dinger equation for E ≤ 0 with the boundary condition Φ|x1 = 0 and Φ′|x1 = Φ′0|x1. If
we change the value of E from zero, the position of zero also changes from x = x0. From
the similar discussion in Lemma 2, for some energy E < 0, the solution becomes decaying
mode at x → −∞. This implies the existence of a bound state with negative energy from
Lemma 2. 
Lemma 4. If S-deformation function that satisfies Eq.(5) is continuous for −∞ < x < ℓ
with a constant ℓ, S2 asymptotes to V− at x→ −∞.
Proof. Since S satisfies Eq.(5) and the potential V is bounded above and below, if S
3 Note that ΦE is not necessary a continuous function of E, but we can say the position of zero x2 is a
continuous function of E.
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is divergent in the asymptotic regions, the only possibility is that dS/dx ≃ S2 and then
S ≃ 1/(c2−x). However, it does not happen since 1/(c2−x) can be divergent only for finite
c2. Thus, S is also bounded above and below.
If S oscillates and does not have a limit in x → −∞, S has infinite number of local
maximum/minimum at x = αn < ℓ (n = 1, 2, · · · ) with αn+1 < αn and limn→∞ αn → −∞.
When S is smooth, since dS/dx = 0 at each x = αn,
4we have
V |αn = S2|αn. (14)
This implies that V |αn 6= V |αn+1 for an arbitrary large n, which contradicts with the fact
that V asymptotes to V− at x→ −∞. So, S should asymptote to a constant at x→ −∞.
Since S asymptotes to a constant at x→ −∞, from Eq.(5)
S =
∫
dx(−S2 + V ), (15)
we can see that S2 → V− so that the integral is finite. 
We can show the existence of a regular S-deformation for a stable black hole as follows.
Proposition 3. If bound states with negative energy do not exist, there exists a regular
S-deformation function that satisfies Eq.(5).
Proof. We assume that ΦL,−0 has zero at x = x1. If Φ
L,−
0 has another zero except at
x→ ±∞, there exists a bound state with negative energy from Lemma 3. So, we only need
to consider the case ΦL,−0 > 0 in −∞ < x < x1. We denote ΦL,−0 by φ1. From Lemma 4,
(φ′1/φ1)
2 → V− at x→ −∞. Since φ1 is not a growing mode at x→ −∞, we can say
φ′1
φ1
→
√
V−, (16)
4 S can be non-smooth at x = xα when V is not continuous there. In that case, S is still continuous but the
two limits limǫ→0 S
′|x=αn±ǫ with ǫ > 0 can be different values. Since x = αn is a local maximum/minimum
of S, limǫ→0(S
′|αn+ǫS′|αn−ǫ) takes a negative value, and there exists positive constants cn, dn such that
limǫ→0(cnS
′|αn+ǫ + dnS′|αn−ǫ) = 0. Thus, the equation
S|αn = lim
ǫ→0
cnV |αn+ǫ + dnV |αn−ǫ
cn + dn
(13)
holds, and in the limit n → ∞, the right hand side becomes V−, but the left hand side does not have a
limit point. This is a contradiction, and then S should asymptote to a constant at x→ −∞.
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at x→ −∞.
Let us consider to solve the Schro¨dinger equation for zero energy with the boundary
condition Φ = 0 at x = x2 > x1. We denote the solution by φ2. If φ2 has zero in x1 ≤ x < x2,
this implies the existence of a bound state with negative energy from Lemma 3. So, we can
consider φ2 > 0 in x1 ≤ x < x2. From (φ1φ′2 − φ′1φ2)′ = 0, we obtain a relation
φ1φ
′
2 − φ′1φ2 = ǫ, (17)
with a positive constant ǫ by evaluating Eq.(17) at x = x1, where we used the relations
φ1|x1 = 0, φ′1|x1 < 0, φ2|x1 > 0. Eq.(17) can be written in the form
φ′2
φ2
=
φ′1
φ1
+
ǫ
φ1φ2
. (18)
If φ2 > 0 in −∞ < x < x1, from Eqs.(16),(18) and Lemma 4, we have
ǫ
φ1φ2
→ −
√
V− ±
√
V− ≤ 0 (19)
at x → −∞. This is possible only when φ2 → ∞ at x → −∞ since φ1 is not a growing
mode. However, setting φ2 = φ1Z, Z satisfies
Z ′ =
ǫ
φ21
≥ 0, (20)
then Z and φ2 cannot asymptotes to +∞ at x → −∞. Thus, φ2 should have a zero
somewhere in −∞ < x < x1. This implies the existence of a bound state with negative
energy from Lemma 3.
Thus, φ1 does not have a zero except at x → −∞ if bound states with negative energy
do not exist. Then
S = − 1
φ1
dφ1
dx
, (21)
becomes a regular solution of Eq.(5) in −∞ < x < ∞, since S is continuous and it is
bounded above and below from Lemma 4. 
B. Robustness of S-deformation method
We can construct the general regular S-deformation S that satisfies Eq. (5), from ΦL,−0
and ΦR,−0 , as follows:
8
Corollary 1. If there exists no bound state with E ≤ 0, the general non-trivial solution
of the Schro¨dinger equation for zero energy which does not have a node is given by Ψ =
cLΦ
L,−
0 +cRΦ
R,−
0 with cLcR ≥ 0, (c2L+c2R 6= 0). Then, the general regular S-deformation such
that V˜ vanishes is given by S = −Ψ−1Ψ′.
Proof. From Proposition 3, ΦL,−0 and Φ
R,−
0 do not have a node, then Φ
L,−
0 > 0 and
ΦR,−0 > 0. Since it is clear that Ψ does not have a node, we only need to show that the
other solutions have a node. The other solutions are given by Ψ˜ = a1Φ
L,−
0 + a2Φ
R,−
0 with
a1 > 0, a2 < 0 (or a1 < 0, a2 > 0). Since Ψ˜→ a2ΦR,−0 < 0 at x→ −∞ and Ψ˜→ a1ΦL,−0 > 0
at x→∞, Ψ˜ should have a node at some finite x. 
Corollary 1. implies that the general regular S-deformation that satisfies Eq. (5) has a
one-parameter degree of freedom. Moreover, we can show the following:
Proposition 4. If there exists no bound state with E ≤ 0, defining SL =
−
(
ΦL,−0
)′
/ΦL,−0 , SR = −
(
ΦR,−0
)′
/ΦR,−0 , the general regular S-deformation such that V˜
vanishes can only take values between SL and SR at any point, and it can take all values
between SL and SR at any point.
Proof. From Corollary 1., the general regular S-deformation that satisfies Eq.(5) can be
written in the form
S = SL sin
2Θ+ SR cos
2Θ, (22)
where sinΘ, cosΘ are defined by
sinΘ =
√
cLΦ
L,−
0
cLΦ
L,−
0 + cRΦ
R,−
0
, cosΘ =
√
cRΦ
R,−
0
cLΦ
L,−
0 + cRΦ
R,−
0
, (23)
with 0 ≤ Θ ≤ π/2.
At any point x = a, the functions ΦL,−0 ,Φ
R,−
0 are positive definite, and hence Θ can take
all values in the range 0 ≤ Θ ≤ π/2 by changing cL and cR with cLcR ≥ 0, (c2L + c2R 6= 0).
Since SR > SL holds as shown in appendix B, the relations
S = −(SR − SL) sin2Θ+ SR ≤ SR, (24)
S = SL + (SR − SL) cos2Θ ≥ SL, (25)
hold, and hence S can take all values in SL ≤ S ≤ SR at x = a by changing cL and cR.
Since x = a is an arbitrary point, the statement in the present proposition holds. 
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Proposition 4. implies that all initial conditions that give regular S-deformations by
solving Eq. (5) correspond to values between SL and SR at any point (see Fig. 1). Thus, if
we slightly change the initial condition in solving Eq. (5), the solution still corresponds to
a regular S-deformation. This is the reason why we could obtain a regular S-deformation
by solving Eq. (5) numerically without any fine-tuning in [16]. Typically, the potential V
becomes negative only near the horizon. In this case, if the spacetime is stable, S = 0 at a
point in the region far from the horizon becomes an appropriate initial condition to obtain
a regular solution of Eq. (5) because SL is negative and SR is positive there like an example
shown in Fig. 1.
SR
SL
V
0
x
S
&
V
FIG. 1: The schematic figure for typical SL, SR and V (normalized by the horizon radius). Two
solid curves denote SL and SR, and the dashed curve denotes V . The shaded region corresponds
to appropriate initial conditions for solving Eq. (5) to obtain regular S-deformations.
C. On the existence of zero mode
Even if there exists a regular S-deformation such that V˜ vanishes, there might still
exist a zero mode, i.e., E = 0 or ω = 0 mode.5 We sometimes call ω = 0 mode as a
“marginally stable mode” because this is not an exponentially growing mode in time but
a static perturbation. However, since tΦ becomes also a solution of the wave equation (1),
5 If the zero mode asymptotes to a non-zero constant at either of x → ±∞, this is not normalizable.
However, this mode might be physically acceptable if x→∞ or −∞ corresponds to the event horizon or
cosmological horizon which locates at the finite proper distance. We note that this happens only when
V → 0 at x→∞ or x→ −∞ and the boundary term in Eq.(3) still vanishes since S → 0 in this case.
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this implies the existence of a linearly growing mode in time. So, it is important to discuss
whether there exists ω = 0 mode or not.
If there exists a zero mode Φ = Φ0, from Eq.(3), S should satisfy
dΦ0
dx
+ SΦ0 = 0, (26)
which implies that there exists only a single S if there exists a zero mode. Thus, we can say
the following:
Proposition 5. If there exist two different regular functions S = S1, S2 such that V˜ van-
ishes, the zero mode does not exist.
This is a merit for the S-deformation method. If we wish to show the non-existence
of a zero mode by solving the Schro¨dinger equation directly, we need to solve it from the
decaying boundary condition, which is not always easy.
IV. SUMMARY
In this paper, we showed the existence of a regular S-deformation function for a stable
spacetime under some reasonable assumptions. This implies that the S-deformation method
can be used for showing the linear mode stability when the spacetime is stable, and that
the conjecture in the previous work [16] is correct. We also showed that the general regular
S-deformation such that V˜ vanishes contains a one-parameter degree of freedom. This is the
reason why we can find a regular S-deformation numerically without any fine-tuning [16].
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Appendix A: continuity of the position of zero as a function of E
Even if ΦL,−E is not a continuous function of E, we can show the position of the first zero
of ΦL,−E is a continuous function of E if it exists. In this section, we denote Φ
L,−
E as ΦE for
simplicity. When ΦE has a zero, we denote the position by ρE , i.e., ΦE |ρE = 0 and ΦE > 0
for −∞ < x < ρE . Let us assume that ρE0 exists for an energy E0(< 0). For an energy
E < E0, from the same discussion in Lemma 2, we can say ρE > ρE0 if it exists.
For y > ρE0 , we consider to solve the Schro¨dinger equation for E ≤ E0 with the boundary
condition Φ|y = 0,Φ′|y = −1. We denote this solution by φE, and φE is a continuous function
of E because the boundary condition is given at the finite point y. Integrating the Wronskian
conservation equation (φ′E0ΦE0 − Φ′E0φE0)′ = 0 from x = −∞, with sufficiently large L > 0,
to x = ρE0, we obtain Φ
′
E0
|ρE0φE0|ρE0 ≃ 2b1b2
√
V− − E0 where we used ΦE0 ≃ b1e
√
V
−
−E0 x
and φE0 ≃ b2e−
√
V
−
−E0 x.6 Since b1 > 0 and Φ
′
E |ρE0 < 0 from the assumption, b2φE0|ρE0
should be negative. Thus, φE0 has another zero in x < ρE0(< y), and there exists z such
that φE0|z = 0 and φE0 > 0 for z < x < y. Since φE is a continuous function of E, z is
also a continuous function of E if it exists. Also, for an energy E < Vmin, where Vmin is the
minimum of V , φE does not have a zero except at x = y. Thus, we can say that there exists
Ey (< E0) such that z → −∞ for E = Ey.
The asymptotic behavior near x → −∞ is φE ≃ c1e−
√
V
−
−E x + c2e
√
V
−
−E x. If 0 <
1 − E/Ey ≪ 1, z is in the asymptotic region. So, from the condition φE|z = 0, we obtain
φE ≃ c2(−e−
√
V
−
−E(x−2z) + e
√
V
−
−Ex) when 0 < 1 − E/E0 ≪ 1. Therefore, in the limit
E → Ey + 0, i.e., z → −∞, the first term vanishes, and then φEy ≃ c1e
√
V
−
−E0 x → 0
at x → −∞. Thus, φEy = cΦEy with a constant c. This shows the existence of ρE with
6 Precisely speaking, ΦE0 ≃ b1e
√
V
−
−E0 x+f+(x) and φE0 ≃ b2e−
√
V
−
−E0 x+f−(x), with f± = o(x), near
x→ −∞. From the similar discussion in the proof of Lemma 4, we can say that −Φ′E0/ΦE0 and −φ′E0/φE0
should be constants−√V− − E0 and√V− − E0 at x→ −∞, respectively. Thus, f ′± = o(1) near x→ −∞.
From the condition that φ′E0ΦE0 −Φ′E0φE0 is constant, f++f− = o(1) should hold near x→ −∞. Hence,
φ′E0ΦE0 − Φ′E0φE0 ≃ −b1b2ef++f−(2
√
Vm − E0 + f ′+ − f ′−)→ −2b1b2
√
Vm − E0 at x→ −∞, and we can
see that o(x) terms do not affect the discussion.
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∞ > ρE > ρE0 since y is an arbitrary point larger than ρE0 .
Also, since ΦE does not have a zero except at x→ −∞ for E < Vmin, there should exist
an energy E∞ such that ρE →∞ when E → E∞+0. Hence, ρE is defined for E∞ < E ≤ E0.
For any E1 and E2 with E0 ≥ E1 > E2 > E∞, there exist ρE1 and ρE2 with ρE1 < ρE2.
Thus, ρE is a continuous function of E and it monotonically increases as E decreases.
Appendix B: SR > SL
Defining SL = −
(
ΦL,−0
)′
/ΦL,−0 , SR = −
(
ΦR,−0
)′
/ΦR,−0 , we can show SR > SL if there
exits no bound state with E ≤ 0. Moreover, we can say stronger statement that SL is the
minimum function near x → −∞ in the solutions of Eq. (5). Let us denote the general
solution of the Schro¨dinger equation for E = 0 by Φ = zΦL,−0 , then z satisfies
z′′ + 2
(
ΦL,−0
)−1(
ΦL,−0
)′
z′ = 0. (B1)
Integrating this equation, S = −Φ′/Φ = SL − z′/z becomes
S = SL +
(
ΦL,−0
)−2(
c1 +
∫ c2
x
dx
(
ΦL,−0
)−2)−1
. (B2)
Note that |c1| → ∞ corresponds to the case S = SL. Since ΦL,−0 is a positive constant or
zero at x→ −∞, the function ∫ c2
x
dx
(
ΦL,−0
)−2
is divergent at x→ −∞. Thus,
S ≃ SL +
(
ΦL,−0
)−2(∫ c2
x
dx
(
ΦL,−0
)−2)−1
, (B3)
unless |c1| → ∞, and the second term in the right hand side is positive. This implies that
all S which satisfies Eq. (5) is larger than SL near x→ −∞ except for the case S = SL.
If there exits no bound state with E ≤ 0, both SL and SR are regular everywhere. Also,
SL cannot coincide with SR at a finite point because they are solutions of Eq. (5) with
different boundary conditions. Thus, the relation SR > SL holds everywhere in this case.
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